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Pre- and Postbuckling Finite Element Analysis
of Curved Composite and Sandwich Panels

Jean-Pierre Jeusette* and Gottfried Laschet*
Aerospace Laboratory of University of Liege, Liege, Belgium

A three-dimensional degenerated isoparametric multilayer finite element is described in conjunction with an
automatic incremental/iterative method to find the complete nonlinear response of arbitrarily laminated
composite and sandwich panels under destabilizing loads. The case of thick sandwich panels is investigated by
comparing three different models: 1) a high-order, multilayer shell element, 2) a multilayer shell element with
null transverse shear moduli in the skins layers, and 3) a superposition of multilayer isoparametric membranes
for the skins, and a volume element for the core. All these models allow the accurate representation of the
cross-section warping in thick shear deformable sandwich panels and, after some validation tests, the model (3)
is found to be the most efficient. In the prebuckling range of the structural response, incremental bifurcation
analyses are combined with an arc-length algorithm to control the step size; for the postbuckling path, the
increment size is determined automatically by a new recurrence formula. The good behavior of this proposed
procedure is illustrated on two structural postbuckling applications, namely, a highly curved cylindrical com-
posite panel and a sandwich panel with flange edges both subjected to in-plane compression.

I. Introduction

DVANCED composite materials are now widely used in

the design of modern aerospace vehicles. Flat and lightly
curved panels appear in structures as stabilizers, wings, and
mean fuselage, but highly curved panels are present in the rear
fuselage zones.!? The aircraft designers often employ thin
composite laminated shells and moderately thick sandwich
panels or a combination of these two structural components.
In flight conditions, these structures are submitted to in-plane
forces combined with transverse pressure load that can cause
instability phenomena.

Neglecting the possible postbuckling strength of these com-
posite panels constitutes a severe design limitation when weight
savings are required. So, the actual tendency is to design
composite panels that have a significant postbuckling load-
carrying capability.

The understanding of the complex instability phenomena
constitutes a new challenge for the designer and stress analyst.
In order to find and improve new design procedures, which
are actually based only on experimental tests, the development
of efficient numerical methods is required to simulate accu-
rately the postbuckling behavior of composite panels.

So, at first, an isoparametric multilayer shell element is
generated into a nonlinear finite element program to model
either shell composite structures or thick sandwich panels.
This element has to provide accurate stresses and strains to
predict the failure mechanisms without a prohibitive addi-
tional cost. Second, an efficient incremental procedure able to
detect and overcome limit points of the equilibrium path is
necessary to determine the complete nonlinear response of
such panels under destabilizing loads.

In earlier studies,** only experimental tests were performed.
Next, in more recent works, the authors have compared finite
element results to experimental ones without really insisting on
the finite element model nor on the numerical solution proce-
dures.!?5 In other papers, either the finite element model®’ or
the solution procedure? is described. In the case of sandwich
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shells, static linear applications are reported in Ref. 9 and
postbuckling analyses of thin sandwich shells are presented in
Ref. 10. However, the postbuckling finite element analysis of
thick sandwich panels with laminated faces and variable core
thickness does not appear in the literature.

Thus, the aim of this paper is to describe, at first, the
general multilayer element model (Sec. II). After that, in Sec.
11, three different formulations are presented to model the
thick sandwich shells: 1) a high-order multilayer shell element,
2) a multilayer shell element with null transverse shear molduli
in the skin layers, and 3) a superposition of multilayer isopara-
metric membrances for the skins, and a volume element for
the core. Then, the more efficient model is chosen by compar-
ing the numerical results with analytical and experimental
ones. After having briefly recalled the proposed automatic
solution procedure (Sec. 1V), the numerical tool efficiency and
accuracy are illustrated on the determination on the nonlinear
response of composite and sandwich panels subjected to desta-
bilizing loads (Sec. V).

II. Multilayer Solid and Shell Models

A three-dimensional isoparametric multilayer finite element
is developed for the analysis of arbitrarily laminated com-
posite panels. This element is an isoparametric degenerated
volume element belonging to the Ahmad shell family!! ex-
tended to a multilayer version in Ref. 12.

The formulation used allows the study of a wide variety of
structures: multilayer solid elements and moderately thick and
thin laminated shells. In all cases, each node has three transla-
tion degrees of freedom. According to the model, each layer
can be considered as an orthotropic solid or shell.

In the case of a volume layer, the complete three-dimen-
sional constitutive relations are used.

For the shell model, a 16-nodes element is employed (see
Fig. 1). Here, the lines perpendicular to the shell reference
surface remain straight but not necessarily normal after defor-
mation; moreover, relaxed constitutive relations are adopted
to impose the uncoupling between the shell in-plane and out-
of-plane stress components (¢, = 0, see Fig. 1 for the local axis
systems). However, to avoid mechanisms, the transverse nor-
mal stress component is kept different from zero; for that, a
normal transverse stiffness is maintained to a value depending
on the shell thickness lower than the other diagonal stiffness
terms but sufficiently high to avoid a pinching energy overesti-
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AXIS SYSTEMS FOR ONE LAYER:
{_ local system (é;,é;,é;)
— natural coordinates ( £,7.0)
— orthotropic system (€],€),&)

Y

Fig.1 Three-dimensional degenerated multilayer shell element and
the axis systems for a layer.

mation in the case of very thin shells [see factor £ in Egs. (1)].
Moreover, a transverse shear stiffness correction is imposed
to take into account a parabolic transverse shear stress distri-
bution through the thickness.
These relaxed orthotropic constitutive relations are summa-
rized in the following notations

g; = Cij* €j l,] = 1,2 (la)
o33 =k Ey3 e3 T12=Gn (1b)
723 = 5/6 Gy3 v23 T13=35/6 Gi3 713 (1c)
where
CaCjs . .
Cij* = CU —%ﬁ L] = 1,2

k = B(h/L)* with 10~! = 8 < 10? according to the shell thick-
ness h; L is a characteristic length.

To decrease the computational time, a reduced integration
scheme is used over the surface layer. This integration option
gives good results (with neither shear nor membrane locking)
up to an edge length to thickness ratio (L /h) of 200. Neverthe-
less, this reduced integration scheme can lead to mechanisms
at the element level but they disappear when at least two
elements are assembled. The Jacobian matrix is assumed to be
constant through the thickness of each layer, therefore, one
Gauss point integration in the thickness direction is used to
calculate the stiffness matrix of each layer. The element stiff-
ness matrix is evaluated by adding the contributions of each
ply.

To take into account the geometrical nonlinearities (large
displacement, following forces), a total Lagrange formulation
is employed to extend this element. So, all integrations are
made on the initial configuration, which constitutes an inter-
esting reference position where the fiber direction in each ply
is known.

III. Thick Sandwich Shell Models

For thick sandwich panels (L /4 <40), the transverse shear
deformation plays an important role. Therefore, this effect
has to be considered when determining the response of such
panels. Below, three finite element models are described and
compared on a simple numerical application. The best one is
retained for the postbuckling analysis reported in Sec. V.

A. Models Description
1. Model I

The thick multilayer element (Sec. II) can be used to model
the sandwich, but an adequate order has to be chosen for the
displacement field through the thickness. Indeed, a first or
second degree approximation leads to a too-stiff structural
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behavior; only a third-degree approximation gives acceptable
(still too stiff) results but is, of course, very expensive due to
the high degree of freedom number and the numerical integra-
tion in each layer of the skins. Besides, as the differences in the
mechanical properties are located through the thickness near
the interface core/skins, a three-degree interpolation cannot
represent exactly the warping of the cross section.

2. Model Il

When evaluating the sandwich stiffness matrix with the
model I, the contribution of the skins induces an overestima-
tion in the transverse shear stiffness terms due to the great
shear moduli difference between the core and the composite
skins (for example, 85 MPa with respect to 1600 MPa). An
easy way to avoid this problem is to ‘“‘annul’’ the transverse
shear moduli of the skins, doing a kind of hybrid assumption
on setting the transverse shear stresses to zero in the skins. So,
this model improves the result’s accuracy but remains also
expensive due to the numerical integration in each skin layer.
Nevertheless, a thick multilayer shell element can be directly
adopted to model thick sandwich shells.

3. Model IIT

For cost and easy connection reasons, a multilayer mem-
brane isoparametric finite element is developed to model the
sandwich composite skins, the core being idealized by a mono-
layer shell/volume finite element as above (note that for hon-
eycomb cores. v 3 and v,; are very low, therefore, the shell or
volume formulation gives the same results). When the sand-
wich skins are thin, their bending stiffness contribution can be
neglected with respect to the bending stiffness of the whole
panel; thus, a membrane element is really adequate and accu-
rate. In this case, the stiffness matrix of the skins contains
only an extension contribution evaluated by a classical homo-
geneization procedure. The extensional stiffness for N layers
is given by

N
Ay = kZ_Jl [Qlk @k = 2x—1) @

where [Q;;]x is the Hooke matrix of the ply £ in a local axis
system and z; the distance from ply k to the neutral axis of the
skin. Moreover, modeling the sandwich panel by these 3 ele-
ments through the thickness allows the calculation of very
accurate interlaminar stresses at the skin-core junction with-
out increasing the degrees of freedom number. Due to the high
orthotropy of the honeycomb core and the great moduli dif-
ference between the core and the composite skins, a normal
surface integration (3 X 3 x 2) is recommended for the evalua-
tion of the core stiffness matrix in order to avoid numerical
parasite flexibility. For isotropic foam cores, a classical re-
duced integration (2 x 2 x 2) technique is appropriate.

As the membrane element has no geometrical thickness, the
core is modeled up to the half of each skin thickness in order
to respect the real geometry, and the core mechanical proper-
ties are reduced adequately. Of course, the real properties are
used to evaluate the stress state.

Remark: All the three models allow the representation of
a variable thickness of the sandwich panel, but model III is the
most accurate to follow the geometry in the flange edges zones
of the panel.

B. Validation Test

A thick sandwich plate (L /h = 20) of which the geometry
and boundary conditions are presented on Fig. 2 is subjected
to a central transverse load. Therefore, this example is a
three-points bending test for which transverse shear deforma-
tion is important.

The sandwich is composed by two composite skins and a
honeycomb core

1) upper skin lay up: [90 deg; 0 degl;

2) inner skin lay up: [0 deg; 90 deg]s



JULY 1990
lh =75mm
hc=f0mm h =1t;>.75 h- ISmm

e dl L]

e 6h=184mm ——— = !

Y .
b« e 20h-230mm

Fig.2 Sandwich plate: geometry and boundary conditions.

The thickness of each ply is 0.125 mm.

The mechanical properties of the sandwich are the following

1) carbon-epoxy skins

E =47 kN/mm? E,= E3 = 3 kN/mm?
G12 = G23 = G31 = 1.6 kN/mm?
Vip = Va3 = V31 = 0.35
2) honeycomb core
E1 = E2 = 0.005 kN/mm2
G1; = 0.0030 kN/mm?
Gy; = 0.071 kN/mm?
Vig = 0.25 P13 = V3 = 0.02

Due to the symmetry, a quarter of the plate is studied and
discretized with 10X 5 elements for models I and 11 and with
10x 5% 3 elements for model 1.

The three models described above have been checked on
this application for which the experimental central deflec-
tion is 2.30 mm. An analytical calculation based upon a flat
rectangular beam theory!? gives a central deflection value of
2.33 mm.

The central deflection of each skin and the CPU time of
each analysis reported to model III CPU time are presented in
Table 1. All these cases have been run with a second degree
displacement field leading to a 2079 degree of freedom dis-
cretization. Only the study B in Table 1 corresponds to a
third-degree interpolation and 2872 degree of freedom. In the
multilayer models I and 11, a ply means either a skin layer or
the core considered as a ply.

Model I shows bad results for a second (case A) or third
(case B) degree displacement field.

The results with model 11 (cases D, E, and F) are quite good
but with a relatively high computational cost. However, the
case C gives wrong results due to the reduced integration used
for the core; moreover, the use of a 2x 3 X 1 scheme does not
improve these results but a 3x2Xx 1 scheme gives the same
good results as case D; indeed, an exact integration in the X
direction is required to compensate the lower value of the
transverse shear modulus in this direction. In conclusion, the
choice of the number of integration points in the core is
related to the honeycomb material properties in order to avoid
numerical parasite flexibility.

Finally, model III (cases G and H) provides good results and
the lowest CPU time.

E; = 0.067 kKN/mm?
G13 =0.021 khl/rﬂl'n2

C. Model Choice

According to this validation test, model III is found to be
the most efficient, and it will be used for the postbuckling
sandwich application.

IV. Automatic Incremental/Iterative Method

The automatic incremental/iterative scheme used is briefly
recalled. More detailed information can be found in Ref. 14.
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Table 1 Central deflection results for a sandwich plate
subjected to a three-points bending test

Central deflection
(mm) CPU

Above Below CPU model I11

A Model 1
2 X 2 X 2 Gauss points/ply 0.6691  0.6585 1.74

B Model I
3rd degree
2 X 2 X 2 Gauss points/ply 1.7237 1.6882 2.32

C Model 11
2 X 2 X 1 Gauss points/ply 3.3487
ou 2 X 3x1 (idem)

D Model 11
3 X 3 x 1 Gauss points/ply 2.2718  2.2417 1.86
ou 3 X2 x1 (idem)

E Model II
2 X 2 x 2 Gauss points/ply 2.2141

F Model I1
3 X 3 X 2 Gauss points/ply

G Model 111
2 X 2 G. p. in the skins 2.3013
3 X3 x2G. p. in the core

H Model III
2 X 2 G. p. in the skins
2 X2 x 2 G. p. in the core

2.2050 1.22

2.1389 1.74

2.1760  2.1485 2.90

2.1480 1.10

2.3504  2.1154 1

1 Experimental result 2.30 e

J Analytical result 2.33 e

A. Prebuckling Analysis

First, an initial bifurcation analysis is performed to intro-
duce eventually a geometrical imperfection and to choose the
first step load level from the estimated critical load. The
initial stability problem leads to an eigenvalue problem includ-
ing the initial stiffness matrix and the stability matrix based
upon a linearization of the fundamental path. The contribu-
tions of the geometrical, initial displacement and following
forces stiffness matrices can be included in the stability matrix
evaluation.

Next, an incremental bifurcation analysis is applied on some
deformed configurations of the prebuckling equilibrium path
to give an optimal selection of the step size for an incremental/
iterative solution method in the load-displacement space and
to detect the proximity of eventual bifurcation points on the
nonlinear equilibrium path. The load-displacement space al-
gorithm is described in Ref. 14.

B. Postbuckling Analysis

As for the prebuckling range, the postbuckling part of the
nonlinear response has to be traced by using only a few steps
to describe the less interesting unstable zone and to reach, with
accuracy, a next critical point giving a plausible inferior limit
to the real critical load.

Therefore, the step sizes are controlled by recurrence for-
mula described in Ref. 14.

V. Numerical Buckling
and Postbuckling Applications

The described finite elements and the automatic solution
procedure are implemented into the Syst¢me d’Analyse de
Milieux Continus jon Eléments Finis program. To illustrate
the method efficiency, some instability problems of composite
and sandwich panels are presented. First, the nonlinear re-
sponse of a highly curved cylindrical shell subjected to in-
plane compression is analyzed. Then, a typical sandwich panel
with flange edges under axial compression is studied.
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A. Highly Curved Multilayer Composite Cylindrical Shell under
Axial Compression

Snell and Morley! have determined by numerical analysis
and experimental tests the pre- and postbuckling behavior of
highly curved composite panels with different lay ups under
axial compression. For this kind of shells, the imperfection
sensitivity is important so that usually the experimental buck-
ling load is lower than the theoretical one. Furthermore, these
panels have a postbuckling behavior that presents a severe
snap back and a steep negative slope. This application consti-
tutes a severe test of the proposed step size method.

The multilayer cylindrical shell (see Fig. 3a) is simply sup-
ported along its straight edges and clamped at its curved edges.
Its geometrical properties are shown in Fig. 3a. The panel is
built up by a symmetric lay up (45 deg; — 45 deg; — 45 deg;
45 deg; 04)s where the ply thickness is equal to 0.125 mm. The
material characteristics of the carbon-epoxy XAS-914C layers
are

E, = 130 kN/mm?; E, = E; = 10 kN/mm?

G, = 6 kKN/mm?; v =03

The axial compressive load is applied by a uniform displace-
ment increase at one curved edge.

£
£

Q

Fig. 3a Highly curved multilayer cylindrical shell under axial com-
pression: geometry.
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Fig. 3b Load-displacement curve.

AlAA JOURNAL

Table 2 Comparison of buckling loads

Analysis Buckling Comparison
Authors Method Mesh load (KN) to exp. (%)
Snell & Experiment 134. _—
Morley [1] STAGCS
a) linear 20 x 20 149.2 11.34%
b) nonlinear 20 X 20 151.5 13.06%
Jun &
Hong [6) linear 8 x 10 143.2 6.87%
Present SAMCEF
analysis a) linear 8 x 10 143.9 7.4 %
a) nonlinear 137.8 2.83%
linear 12 x 18 140.24 4.66%

Snell and Morley use the STAGSC-1 finite element code to
verify their experimental results and to modelize the cylindri-
cal panel with a fine 20 X 20 mesh of flat Clough plate ele-
ments (36 degrees of freedom).

1. Bucking Results

The linear and nonlinear bifurcation results of Snell and
Morley are summarized in Table 2.

In a first step, a coarse 8 X 10 mesh is adopted. In this
model, second degree isoparametric multilayer shell elements
with 2 X 2 x 1 integration points per layer are used leading to a
model with 1454 degrees of freedom. Jun and Hong® used the
same coarse mesh with an equivalent multilayer shell element.

As shown in Table 2, the present analysis gives more accu-
rate buckling loads with a coarser mesh than the Snell and
Morley one. The correct geometry representation and the
reduced integration technique explain the better behavior of
this element. Moreover, it is normal that the nonlinear analy-
sis provides a lower buckling load and that our linear bifurca-
tion analysis gives approximately the same results as the Jun
analyses.

Finally, to improve our results, a finer mesh with 12 x 18
elements is realized, which provides a buckling load reduc-
tion of 2.74%. The first buckling mode obtained with the
fine mesh presents S bulges as illustrated in Fig. 4. The corre-
sponding buckling load equals to 140.245 kN. The second
buckling load is 142.24 kN: that indicates the presence of
clustered bifurcation points instead of a simple bifurcation
phenomenon.

2. Nonlinear Response

At first, an initial end displacement of 0.5 mm is applied
corresponding to a compression reference load of 63.086 kN
(A = 1.). At this prebuckling state, the cylindrical shell has a
tendency to barrel outwards. This barreling effect, illustrated
in Fig. 5 on the deformed shape, is also observed in the test
experience and is due to the clamped edges. Note that the
small out-of-plane displacements transform the bifurcation

Fig. 4 Composite cylindrical shell: first buckling mode of linear
stability analysis (fine mesh 18”12 elements).
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Fig. 5 Compesite cylindrical shell: prebuckling deformed shape at
P = 63.086 kN (coarse mesh 10*8 elements).

Fig. 6 Composite cylindrical shell: initial postbuckling mode at
P = 137.47 KN (non-linear analysis).

point into a limit point, which can be passed using the pro-
posed automatic incremental/iterative method described in
section IV. The quasilinear prebuckling response permits defi-
nition of great load-displacement increments, which are ap-
plied without additional stability analysis.

At the third increment, the limit point is passed (A = 2.179),
and the panel buckles in a 5-bulges mode (see Fig. 6) that is
modulated by a circonferential wave with two peaks. At this
buckling load, the shell undergoes an important energy drop
caused by the stiffness change from a predominant membrane
behavior to a combined membrane and bending action. In the
experimental test, the shell drops dynamically to a 43% lower
load (76.4 kN).!

The postbuckling path has been chosen parallel to the first
buckling mode, but it is possible that the real postbuckling
trajectory be a combination of the two first modes.

To describe the unstable path with a severe snap back and a
deep negative slope, an important reduction of the load-dis-
placement factor, 7, is necessary (An = 5.E ~9) to initialize the
automatic iterative procedure. Then, several unloading incre-
ments (18) have been applied. The corresponding load-dis-
placement response is plotted in Fig. 3b. During the decrease
the postbuckled deformation shapes become, as shown on Fig.
7 for a load level A\ = 1.72, simpler with fewer and deeper
bulges (two peaks and a central hole) than the initial buckling
mode.

At the 22nd increment, a reduction of the end shortening is
observed, and the algorithm converges slowly (6 iterations).
At the next step, the number of negative pivots increases (= 2)
and complex roots of the arc-length constraint appear. After
further step sizes reductions, an oscillation of the negative
pivots number is observed during the iterative process; that
indicates clearly the presence of clustered bifurcations points.
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Fig.7 Composite cylindrical shell: unstable postbuckled shape at
P =108.5 kN .

section FF

'/‘

R=700mm
8=.42 rad

he=13mm
h=z1B5mm

Fig. 8 Sandwich cylindrical panel with flange edges under axial com-
pression: geometry.

Moreover, the branch chosen by the program (not entirely
shown in Fig. 3b) is wrong, and that leads to a ‘‘come-back”’
response! Therefore, further investigations of clustered bifur-
cations points are necessary to go on with the panel response
description.

B. Sandwich Cylindrical Panel with Flange Edges Subjected to In-
plane Compression

A sandwich panel typicaily used in aircraft structures is
studied now. The geometrical properties of this thick cylindri-
cal shell (L /h = 40) are described in Fig. 8. This moderately
curved panel is clamped on both curved edges and simply
supported on the straight edges. Near the supports, the panel
section is reduced to easily attach the panel to the next one
and/or to the stiffeners.

The sandwich is composed of two composite tape skins and
a honeycomb core

1) upper skin lay up: [90 deg; 0 deg; 90 deg; 0 deg]

2) inner skin lay up: [0 deg; 90 deg; 0 deg; 90 deg]

The thickness of each tape ply is 0.25 mm.

The mechanical properties of the sandwich are the following.
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1. Model
Due to the symmetry, a half of the shell is studied, and
appropriate symmetry boundary conditions are imposed.
The sandwich core is modeled by monolayer isoparametric
solid elements with 3 X 3 x 2 Gauss integration points. The
skins are modeled by multilayer isoparametric membrane ele-
ments with a reduced integration (2 x 2) scheme. So, the mesh
‘has 8 x 10 X 3 elements corresponding to a 663 degrees of
freedom discretization. Model 111 is only used in this analysis.
The flange edges where the honeycomb core vanishes are
considered to be rigid, simulating the stiffener’s effect. The
boundary conditions are imposed as follows (see Fig. 8): the
lines AB-CD are clamped, and the line BC is simply sup-
ported. The axial compressive load is applied by a uniform

Fig. 11 Sandwich panel: postbuckling mode at P = 115.29 kN .

1) skins: carbon-epoxy Fabric 6803/5208 NARMCO tape:

E,=67.57 kKN/mm?; E,=64.81 kN/mm?; E;=11.72 kN/mm?
displacement increase at one curved edge.

GlZ = G23 = G31 = 5.03 kN/mm?
Vi = 0.05; Vi3 = V31 = 0.3

2. Nonlinear Response

An initial end shortening displacement of 1 mm is applied

at one curved edge corresponding to a compression load of

96.49 kN. Due to the flange edges, the eccentricity of the load

2) honeycomb core
E, = E,=1.E~%kN/mm?; E; =0.141 kKN/mm?
causes an initial imperfection (inwards bending near the points
Gy, = 1.LE~% kN/mm?; Gi3 = 0.0246 kN/mm? B and Cin Fig. 8). An outwards barreling appears near both
clamped edges. This transverse displacement field transforms
the bifurcation instability into a limit point behavior. The
prebuckling deformed shape is shown in Fig. 9 for the half

Gz3 = (0.0492 kN/mm?
panel.

V2= 025, Vi3 = V3 = 0.02
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The equilibrium path is linear up to the limit point that
occurs for a compression load of 127.83 kN, nearly identical
to the buckling load obtained by an initial bifurcation analy-
sis. At this critical load, the panel buckles in a 5-bulges mode
modulated by a half wave in the circonferential direction (see
Fig. 10).

After having passed this first limit point, the panel response
describes a relatively short unstable path up to a second limit
point at which the compression load equals to 115.29 kN. As
shown in Fig. 11, the postbuckling deformed shape corre-
sponding to this stable equilibrium point becomes simpler and
deeper and is located near the loaded edge.

Finally, the load/end shortening and the load/central trans-
verse displacement responses are presented respectively in Fig.
12a and Fig. 12b. These curves illustrate clearly that the panel
exhibits postbuckling strength.

V1. Concluding Remarks

A multilayer shell element and an automatic incremental/
iterative method are used as useful tools to study the pre- and
postbuckling behavior of arbitrarily laminated composite and
sandwich panels.

The applications illustrate that the developed shell element
allows the modelization of a wide variety of composite panels.
However, due to the numerical integration of the stiffness
matrix, its generation time is important for a large number of
plies. In order to reduce the computational cost, a new homo-
geneization technique compared with an analytical preintegra-
tion through the thickness (see Ref. 15) is under investigation.

Its use in conjunction with multilayer membranes is really
adequate for thick sandwich modelizations with variable core
thickness.

The automatic incremental/iterative scheme works very well
for snap-through collapses (see Ref. 14). Nevertheless, in the
case of the first application, the severe snap-back is difficult to
trace automatically. The future developments in this area will
consist of developing criteria that detect a corrector phase
divergence as soon as possible and will determine what action
needs to be taken in case of divergence or complex roots
detection (for example, doing a restart of the increment with a
step size reduction). ;

Finally, as illustrated in the first application, the presence of
clustered bifurcations points is a source of difficult numerical
problems. To overcome these difficulties, a future develop-
ment will consist of determining the combination of the clus-
tered bifurcations modes, which minimizes the strain energy
for a given perturbation amplitude, as suggested in Ref. 16.
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